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ABSTRACT
It is well-established that a gas density gradient inside molecular clouds and clumps raises their
star formation rate compared to what they would experience from a gas reservoir of uniform density.
This effect should be observed in the relation between dense-gas mass Mdg and star formation rate
SFR of molecular clouds and clumps, with steeper gas density gradients yielding higher SFR/Mdg
ratios. The content of this paper is two-fold. Firstly, we build on the notion of magnification factor
introduced by Parmentier (2019) to redefine the dense-gas relation (i.e. the relation between Mdg and
SFR). Not only does the SFR/Mdg ratio depend on the mean freefall time of the gas and on its
(intrinsic) star formation efficiency per free-fall time, it also depends on the logarithmic slope −p of
the gas density profile and on the relative extent of the constant-density region at the clump center.
Secondly, we show that nearby molecular clouds follow the newly-defined dense-gas relation, provided
that their dense-gas mass is defined based on a volume density criterion. We also find the same trend
for the dense molecular clouds of the Central Molecular Zone (CMZ) of the Galaxy, although this one
is scaled down by a factor of 10 compared to nearby clouds. The respective locii of both nearby and
CMZ clouds in the (p, SFR/Mdg) parameter space is discussed.
Subject headings: Star formation (1569); Molecular clouds (1072); Star clusters (1567)
1. INTRODUCTION
Local galaxies, molecular clumps of the Galactic disk
and molecular clouds of the Solar neighborhood present
a linear correlation between their dense gas mass, Mdg,
and star formation rate, SFR (Gao & Solomon 2004;
Wu et al. 2010; Lada, Lombardi & Alves 2010). This
may suggest that the activity of a star-forming region is
controlled by its dense-gas content, usually defined as gas
with a number density higher than ∼ 104 cm−3, equiv-
alent to a volume density higher than ∼ 700M⊙ · pc
−3.
The dense gas relation, that is, SFR in dependence
of Mdg, comes with a scatter, however, and this scat-
ter does not result from random observational uncer-
tainties only. Parmentier (2019) builds on the data of
Kainulainen et al. (2014) for nearby molecular clouds to
show that clouds with steeper gas density gradients tend
to experience higher star formation rates per unit mass
of their dense gas (see her Fig. 1). This is in line with
the conclusions of analytical and semi-analytical calcula-
tions (Tan et al. 2006; Elmegreen 2011; Parmentier 2014,
2019), and of hydrodynamical simulations (Cho & Kim
2011; Girichidis et al. 2011), which all demonstrate that
a gas density gradient inside molecular clouds and clumps
enhance their star formation rate. This immediately sug-
gests that part of the scatter observed in the dense-gas
relation has a physical origin, namely, the variations in
the gas spatial distribution from one star-forming region
to another.
Parmentier (2019) introduces the notion of magnifica-
tion factor, defined as the ratio between the star for-
mation rate of a centrally-concentrated clump, and the
star formation rate that the clump would experience if
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its gas was uniformly distributed. In other words, the
magnification factor compares the star formation rate of
a centrally-concentrated clump with that of its top-hat
equivalent, the latter containing inside the same clump
radius the same gas mass but distributed following a
top-hat volume density profile. Very steep gas density
profiles have been revealed in the dense-gas component
of two Galactic molecular clouds (Schneider et al. 2015),
with NGC 6334 boasting for its dense gas a power-law
volume density profile ρgas(r) ∝ r
−p as steep as p = 4
(r is the distance to the center of the dense-gas clump
and spherical symmetry is assumed). Parmentier (2019)
shows that such a steep density gradient holds the poten-
tial to boost the star formation rate of spherical clumps
by up to three orders of magnitude compared to their
top-hat equivalent. How high the magnification factor
exactly is depends on the shape of the gas density profile
at the clump center (see Section 5 in Parmentier 2019).
In a follow-up study, Parmentier (2020) details how the
relation between the surface densities in gas and in stars
measured locally inside star-forming regions can help un-
lock their magnification factor. In other words, resolved
observations of star-forming regions can reveal how much
their initial gas density gradient has contributed to their
star formation history.
In this paper, we compare the predictions of our
model to the data available for two sets of Galactic
molecular clouds. Firstly, we consider, more deeply
than previously done in Parmentier (2019), the data
of Kainulainen et al. (2014) for nearby clouds. Sec-
ondly, we consider the data of Lu et al. (2019) for the
dense molecular clouds of the Central Molecular Zone
(CMZ). For these two data sets, p is observed in the
range 1 < p < 2.2.
The outline of the paper is as follow. In Section 2,
we remind the notions of intrinsic star formation effi-
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ciency per free-fall time, ǫff,int, magnification factor, ζ,
and the relation between magnification factor ζ and gas
density profile. In Section 3, we show that the dense-
gas mass-SFR relation is more appropriately defined as
a permitted area of the (p, SFR/Mdg) parameter space,
in which most of the data of Kainulainen et al. (2014)
lie. Section 4 discusses data and model caveats. Sec-
tion 5 compares our model predictions to the data from
Lu et al. (2019) and Kauffmann et al. (2017b) for the
CMZmolecular clouds, and discusses differences and sim-
ilarities between nearby and CMZ clouds. A summary
and the conclusions are presented in Section 6.
2. MAGNIFICATION FACTOR ζ AND GAS
DENSITY GRADIENT
In this section, we recall how the star formation
rate and magnification factor of a centrally-concentrated
clump are related, as well as the analytical expression
of the magnification factor for a pure power-law density
profile. The equations presented here are valid regardless
of the clump mean density. In the next section, we will
apply them to the particular case of dense-gas clumps.
The star formation rate of a gaseous clump with
a density gradient is higher than if that same clump
was made of uniform-density gas (Tan et al. 2006;
Girichidis et al. 2011; Elmegreen 2011; Parmentier 2014,
2019). Centrally-concentrated clumps actually process
their gas into stars at a pace faster than expected based
on their mean free-fall time, because the density of their
central regions is higher than the clump gas mean den-
sity. Parmentier (2019) refers to the ratio between the
star formation rate of a clump with a density gradient,
SFRclump, and the star formation rate of its top-hat
equivalent, SFRTH , as the magnification factor ζ (see
Equation 8 in Parmentier 2019):
ζ =
SFRclump
SFRTH
. (1)
The star formation rate of a clump can thus be written
as (see Section 2 in Parmentier 2019, for a discussion)
SFRclump = ζǫff,int
mgas
〈τff〉
. (2)
In this equation, mgas is the gas mass hosted by the
clump2, and 〈τff〉 is the mean freefall time of the clump
gas:
〈τff〉 =
√
3π
32G〈ρgas〉
. (3)
The latter is defined based on the clump gas mean density
〈ρgas〉 =
mgas
4
3πr
3
clump
, (4)
with rclump the radius containing the clump gas mass
mgas. ζ is the magnification factor, which quantifies by
how much the density gradient of a clump enhances its
star formation rate compared to what is expected based
on its mean free-fall time 〈τff〉. Equation 2 therefore
allows one to disentangle the contribution of the density
2 The clump total mass mclump consists of the gas mass mgas
and the mass mstars of the stars it has formed.
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Fig. 1.— Top panel: The magnification factor ζ as a function
of the steepness p of a power-law density profile. The cases of a
pure power-law (Equation 6) and of power-laws with a central core
are shown. The core spatial extent is expressed as a fraction of
the clump radius (from top to bottom: rc/rclump = 10
−5, 10−4,
10−3, 10−2, and 10−1). The black dashed line highlights ζ = 1,
i.e. the case of a clump with a top-hat profile. The corresponding
forbidden regions (see text) are marked as shaded areas. Bottom
panel: mass fraction minner/mgas of the clump inner region (i.e.
the region where the gas has a density higher than the mean density
of the clump gas; blue lines), and ratio between the mean free-fall
time of the inner region and the mean free-fall time of the clump
gas (green lines). They are both shown in dependence of p and for
the same rc/rclump ratios as in the top panel.
gradient, embodied by the ζ factor, from that of the star
formation efficiency per free-fall time itself. Parmentier
(2019) coins ǫff,int the intrinsic star formation efficiency
per free-fall time since it is independent of the clump
density gradient3. For a top-hat profile, ζ = 1 and the
star formation rate obeys:
SFRTH = ǫff,int
mgas
〈τff〉
. (5)
Note that the gas density of the top-hat equivalent is
equal to the gas mean density 〈ρgas〉 of the centrally-
concentrated clump (same gas massmgas enclosed within
the same clump radius rclump).
For a pure power-law gas density profile of steepness
p, ρgas(r) ∝ r
−p, ζ can be obtained analytically when
0 ≤ p < 2. ζ obeys Equation 6 in Parmentier (2019),
which we give here for the sake of clarity:
ζ =
(3 − p)3/2
2.6(2− p)
. (6)
A similar equation is given by Tan et al. (2006, their
equation 2). Equation 6 is shown as the solid red line
in the top panel of Figure 1.
When p ≥ 2, the star formation rate at the clump
center tends towards infinity if the gas density profile is
3 This is as opposed to the (globally-)measured star formation
efficiency per freefall time, defined as ǫff,meas = ζǫff,int (Parmentier
2019)
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a pure power law (see Appendix). A central core thus
needs to be added to the clump density profile to re-
move the density singularity and the magnification factor
can then be easily computed by a numerical integration
(Eqs 4 and 11 in Parmentier 2019). The results are shown
as the thin dotted brown lines in the top panel of Fig. 1.
Note that since a central core can be added to any power-
law profile, we show the results for p ≥ 0, and not just for
p ≥ 2. Each line corresponds to a ratio rc/rclump of the
core radius to the clump radius. For a given steepness p,
the larger the ratio rc/rclump, the smaller the magnifica-
tion factor ζ. This is so because a larger ratio rc/rclump
reduces the density contrast between the center and the
edge of the clump, resulting thereby in a smaller magni-
fication factor ζ (Fig. 5 in Parmentier (2019), Elmegreen
(2011)). Note that a relative core size rc/rclump > 0.1
damps the magnification factor significantly.
Equation 6, which has been obtained under the as-
sumption of a pure power-law density profile, therefore
defines an upper limit to the magnification factor when
p < 2. A pure power-law actually maximises the gas
density contrast between clump edge and clump center.
As for a lower limit, it is naturally given by ζ = 1, which
corresponds to the case of a top-hat profile (or, equiva-
lently, a ”central” core covering the full molecular clump,
i.e. rc >> rclump). These two limits (i.e. ζ as given by
Eq. 6 and ζ = 1) defines forbidden areas in the (p, ζ) pa-
rameter space: ζ cannot be higher than given by a pure
power-law density profile, and it cannot be lower than
found for a top-hat profile. These forbidden areas are
highlighted in light red in the top panel of Fig. 1.
For a given rc/rclump ratio, the increase of ζ with p
stems from steeper density gradients having higher mass
fractions of gas located in the clump inner regions, where
the local freefall time is shorter than the mean freefall
time 〈τff 〉 of the clump gas. To illustrate this, we now
calculate the mass fraction of gas that a clump contains
at a density higher than the gas mean density 〈ρgas〉
(hence with a freefall time shorter than 〈τff 〉), and we
refer to this region of the clump as its inner region of
mass minner. The gas mass fraction represented by the
clump inner region, minner/mgas, and the ratio between
the mean freefall time of the inner region and the mean
freefall time of the clump as a whole, 〈τff,inner〉/〈τff〉,
are shown in the bottom panel of Fig. 1, for a range of p-
values and rc/rclump ratios identical to those used in the
top panel. The inner region and the more diffuse outer
region surrounding it contribute equally to the clump
gas mass (i.e. minner/mgas = 0.5) when p = 1.5. For
shallower density profiles, the inner region represents less
than half of the clump mass (between 37% and 50%).
Combined to the weak contrast between the mean free-
fall time of the clump gas and that of the inner region
(0.7 < 〈τff,inner〉/〈τff〉 < 1), this explains why the inner
region does not really ”boost” the clump star formation
rate SFRclump when p ≤ 1.5. For instance, a shallow
density gradient with p = 1 increases the star formation
rate by 10% at most (i.e. ζ . 1.1; see Equation 6).
In contrast, density profiles steeper than p = 1.5 drive
more than 50% of the clump gas into the inner region
in addition to yielding a greater contrast between the
mean free-fall time of the clump gas and the mean free-
fall time of the inner region. This allows such clumps
to achieve higher magnification factors ζ than those of
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Fig. 2.— Observed relation between the dense-gas content Mdg
of nearby molecular clouds and their YSO census NY SO. The
red plain squares and the blue open circles depict the data of
Kainulainen et al. (2014) and Lada, Lombardi & Alves (2010), re-
spectively. Black horizontal lines connect the data points of clouds
common to both studies: while their YSO numbers are identi-
cal, their respective dense-gas masses have been estimated based
on different approaches (see text for details). The vertical down-
ward arrow indicates Chamaeleon III, the one cloud in the sample
of Kainulainen et al. (2014) with no YSO. The dashed blue line
represents the fit NY SO = 0.18Mdg of Lada, Lombardi & Alves
(2010) to their data. The size of the red squares is proportional
to the steepness p of the gas density profile, as estimated by
Kainulainen et al. (2014) from the slope of the ρ-PDF they have
derived for their molecular clouds.
shallow density profiles.
3. DENSE-GAS DENSITY GRADIENT AND
DENSE-GAS RELATION
Figure 2 shows as open circles the dense-gas rela-
tion inferred by Lada, Lombardi & Alves (2010) for a
sample of 11 molecular clouds with heliocentric dis-
tances of less than 500pc (see their Table 2). NY SO
and Mdg are the cloud YSO number and cloud dense-
gas mass, respectively. The blue dashed line is the
linear fit of Lada, Lombardi & Alves (2010): NY SO =
0.18Mdg[M⊙]. The cloud dense-gas masses are extracted
from a uniform set of infrared extinction maps, with
the dense gas mass being defined as the cloud mass
above a K-band extinction threshold of AK ≃ 0.8mag.
This is equivalent to a gas surface density higher than
Σgas ≃ 116M⊙ · pc
−2. We have completed Figure 2
with the data set from Kainulainen et al. (2014, their
Table S1), which covers 16 molecular clouds closer than
260pc. For the six clouds in common between both
studies (Ophiuchus, Taurus, Lupus I, Lupus III, Corona-
Australis, and the Pipe), the reported YSO numbers are
identical and the corresponding data points in Figure 2
are connected by solid horizontal black lines. Both stud-
ies, however, differ regarding how they estimate the cloud
dense-gas content. In Kainulainen et al. (2014), the
dense-gas mass is based on a volume density threshold,
rather than on a surface density threshold. To do so, they
devise a technique to convert the column density map of a
cloud into an ensemble of hierarchical prolate spheroids,
thereby approximating a three-dimensional map of the
cloud hierarchical structure. The volume and mass of the
prolate spheroids are calculated, yielding the probability
distribution function of the cloud gas volume density (ρ-
4 G. Parmentier & A. Pasquali
PDF)4. The cloud ρ-PDF inferred by Kainulainen et al.
(2014) is referred to as the ”derived ρ-PDF” (to make
it distinct from the true underlying ρ-PDF). It is de-
picted as the black symbols in their Figures S1-S3. Note
that the derived ρ-PDF does not necessarily cover the
full span in gas volume density of the cloud (due to e.g.
the limited range of column densities of the observational
data; see Kainulainen et al. 2014).
The ρ-PDF of a gas cloud is predicted to be ei-
ther a log-normal, for supersonically turbulent, isother-
mal, non-self-gravitating gas (e.g. Va´zquez-Semadeni
1994; Passot & Va´zquez-Semadeni 1998; Scalo et al.
1998), or a power-law, when self-gravity domi-
nates (this is equivalent to the gas developing a
power-law density profile; see e.g. Scalo et al. 1998;
Kritsuk, Norman, & Wagner 2011; Girichidis et al. 2014;
Ko¨rtgen et al. 2019). The observed ρ-PDF of molec-
ular clouds is often reported to be a combination of
both (see e.g. Kainulainen et al. 2009; Schneider et al.
2015; Ko¨rtgen et al. 2019). Kainulainen et al. (2014) fit
both types of function to their derived ρ-PDF (solid and
dashed lines, respectively, in their Figures S1-S3). To
infer a three-dimensional estimate of the cloud dense-
gas mass, they build on the fitted log-normal ρ-PDF
to integrate the mass of all volume elements from a
given threshold sth to infinity. Here s is the loga-
rithmic mean-normalized density s = ln(ρ/ρ0), with
ρ0 the cloud gas mean density. Kainulainen et al.
(2014) define the dense-gas as gas denser than sth =
ln(ρth/ρ0) = 4.2. The average of the mean number
densities of all clouds analysed by Kainulainen et al.
(2014) is n0 = 100 cm
−3, corresponding to an av-
eraged threshold number density nth = n0 · e
sth =
6700 cm−3 for the whole cloud sample. The volume- and
number-density thresholds (ρth and nth) present cloud-
to-cloud variations, reflecting variations in the cloud
mean density: nth ranges from 3.5 · 10
3 cm−3 (Corona
Australis, n0 = 52 cm
−3) to 1.6 · 104 cm−3 (Cham II,
n0 = 242 cm
−3) (see Table S1 in Kainulainen et al.
2014). In the next section, we will show that these
variations have little impact on the comparison between
our model and the data. By building on a three-
dimensional density threshold, Kainulainen et al. (2014)
ignore the outer gas envelopes surrounding dense-gas
clumps, which likely explains why the dense-gas masses
of Kainulainen et al. (2014) are on the average smaller
than those of Lada, Lombardi & Alves (2010).
The dense-gas relations of Lada, Lombardi & Alves
(2010) and Kainulainen et al. (2014) also differ with re-
spect to their correlation coefficient: linear fits to both
data-sets provide NY SO = 0.27 ·M
0.94
dg (correlation coef-
ficient r = 0.95) and NY SO = 0.55 ·M
0.96
dg (correlation
coefficient r = 0.84), respectively. That is, the sample of
Kainulainen et al. (2014) is characterized by a greater
scatter than the sample of Lada, Lombardi & Alves
(2010) (see Figure 2). As we shall see through this sec-
tion, the greater scatter in the data of Kainulainen et al.
(2014) is partly related to the gas density gradient inside
the clouds and their dense-gas regions.
4 More specifically, in the case of Kainulainen et al. (2014), this
is the probability distribution for the logarithm base e of the gas
volume density normalized by the cloud mean density (see below).
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Fig. 3.— Ratio MY SO/Mdg between the total mass in YSOs
and the dense-gas mass of nearby molecular clouds, in depen-
dence of the steepness p of an equivalent power-law gas density
profile ρgas(r) ∝ r−p. p stands for the gas density regime over
which the cloud ρ-PDF can be approximated by a power-law.
Top panel: Sample of Kainulainen et al. (2014) with the number-
tagging corresponding to the line numbering in their Table S1.
Middle panel: Sample of Lada, Lombardi & Alves (2010) with the
number-tagging corresponding to the line numbering in their Ta-
ble 2. Blue and green circles indicate different sources for the value
of p (see text for details). Bottom panel: combination of both data
sets along with the dense-gas relation of Lada, Lombardi & Alves
(2010) (blue horizontal dashed line). The red solid line is a least-
squares fit to the 15 clouds of Kainulainen et al. (2014) (Cham III
is ignored considering its null YSO-census). Note that the y-range
extent differs from one panel to the other.
When the ρ-PDF obeys a power-law, an equivalent
power-law density profile ρgas(r) ∝ r
−p of the gas can
be inferred. Assuming a certain geometry for the gas
reservoir (e.g. spherical or cylindrical), the steepness p of
the corresponding gas density profile is directly related
to the slope of the ρ-PDF (Kritsuk, Norman, & Wagner
2011; Kainulainen et al. 2014), or to that of the
projected-density-PDF (Kritsuk, Norman, & Wagner
2011; Schneider et al. 2015). Using the power-law fit to
their derived ρ-PDF, Kainulainen et al. (2014) obtain
the steepness p of an equivalent spherically-symmetric
gas density profile. It is given as the κ parameter in
their Table S1 (i.e. our p ≡ their κ). In what follows, we
assume that the inferred steepness also stands for the
dense-gas, even when the derived ρ-PDF does not probe
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significantly into it (e.g. Lupus III and Cham II, for
which the derived ρ-PDF is limited to s . sth = 4.2: see
their Figures S1 and S2). In Figure 2, the size of the red
squares depicting the data of Kainulainen et al. (2014)
is proportional to p, that is, larger symbols correspond
to steeper gas density profiles inside molecular cloud
structures. Parmentier (2019) suggests that the scatter
of the dense-gas relation of Kainulainen et al. (2014)
is not purely random, but is instead partly driven by
p-variations. She notes that, for a given dense-gas mass,
clouds hosting a higher number of YSOs tend to have a
higher p-value, although the effect is significant at the
1 − σ level only (see her Figure 1). Yet, the bottom
panel of our Figure 3 strengthens her interpretation.
It shows the ratio between the YSO total mass MY SO
and the dense-gas mass Mdg of the clouds as a function
of the steepness p of the cloud density profile. The
total mass in YSOs is obtained under the assump-
tion of a mean stellar mass 〈m〉 = 0.5M⊙, that is,
MY SO[M⊙] = 0.5NY SO. While the red plain squares de-
pict the data of Kainulainen et al. (2014), the blue open
circles depict the data of Lada, Lombardi & Alves (2010)
for which Kainulainen et al. (2014) provide a p-value
(i.e. the 6 clouds in common between both studies).
For 4 additional clouds (Orion A, Orion B, California
and Perseus), we have estimated the steepness p from
the projected-density-PDFs (Σ-PDF) of Lombardi et al.
(2015). Their Table 1 provides the index n of the power-
law Σ-PDF which is related to the steepness p of an
equivalent spherically-symmetric volume density profile
as p = 1 + 2/n (Kritsuk, Norman, & Wagner 2011).
These four clouds are marked as green open circles. To
ease the identification of the clouds, the top and middle
panels display the samples of Kainulainen et al. (2014)
and Lada, Lombardi & Alves (2010), respectively, with
each point tagged with the line numbering in Table S1
of Kainulainen et al. (2014) (e.g. Ophiuchus ≡ 1 and
Cham III ≡ 16) and Table 2 in Lada, Lombardi & Alves
(2010) (e.g. Orion A ≡ 1 and Lupus I ≡ 11).
The horizontal dashed line in the bottom panel cor-
responds to the linear fit of Lada, Lombardi & Alves
(2010) shown in Figure 2 (i.e. NY SO/Mdg =
0.18M−1⊙ ≡ MY SO/Mdg = 0.09). The combined data
of Lada, Lombardi & Alves (2010) and Lombardi et al.
(2015) do not show any particular trend: the ratio
MY SO/Mdg remains about constant as p increases. The
data of Kainulainen et al. (2014), however, present a dif-
ferent picture with the ratio MY SO/Mdg increasing with
p. A linear fit to their data gives MY SO/Mdg = 0.003 ·
101.1p (solid red line; correlation coefficient r = 0.57).
This shows that to increase its YSO census, a cloud can
either increase its dense-gas mass, or steepen its gas den-
sity profile.
Observationally, it is well-established that molec-
ular clouds with a greater dense-gas content are
more efficient at forming stars (Kainulainen et al. 2011;
Russeil et al. 2013), hence the near-constancy of the
MY SO/Mdg ratio (Lada, Lombardi & Alves 2010, 2012).
This greater dense-gas content (e.g. more clumps
and/or more filaments) is revealed by a shallower
gas-density-PDF (Kainulainen et al. 2011; Russeil et al.
2013; Kainulainen et al. 2014). But what the data of
Kainulainen et al. (2014) in Figure 3 show is that such a
pattern may also prevail inside dense-gas clumps. That
is, exactly as molecular clouds increase their star for-
mation activity when a greater fraction of their gas is
in the dense-gas regime, dense-gas clumps which locate
a greater fraction of their gas in their high-density in-
ner regions also raise their star formation activity. Such
clumps will present shallower ρ-PDFs than their less ac-
tive siblings. That clumps with steeper density profiles,
hence shallower ρ-PDFs, yield more efficient star forma-
tion is as expected from semi-analytical computations
as well as hydrodynamical simulations (Tan et al. 2006;
Girichidis et al. 2011; Cho & Kim 2011; Elmegreen
2011; Federrath & Klessen 2013; Parmentier 2014, 2019).
Two caveats, however, need to be kept in mind. Firstly,
when we consider the variations (or the absence thereof)
of the ratioMY SO/Mdg as a probe into star formation, we
implicitly assume that YSOs have formed exclusively in-
side the cloud dense gas. Secondly, we have assumed that
the steepness p inferred by Kainulainen et al. (2014)
from the derived ρ-PDF also applies to the dense molec-
ular gas, even when the derived ρ-PDF hardly covers the
dense-gas regime (that is, when the derived ρ-PDF is
limited to s ≃ sth = 4.2).
While the bottom panel of Figure 3 suggests that both
the dense-gas content and the gas density gradient of
molecular clouds are key drivers of their ability to form
stars, we argue that the linear fit shown as the solid red
line does not capture the underlying physics. To quantify
the evolution of theMY SO/Mdg ratio as a function of the
steepness p, we need to rely on the magnification factor
introduced by Parmentier (2019).
Under the assumption that star formation takes place
in dense gas only, we use Equation 2 to express the star
formation rate of the dense gas as a function of its mass,
Mdg, and of its mean free-fall time 〈τff,dg〉:
SFRdg = ζǫff,int
Mdg
〈τff,dg〉
. (7)
With ζ a function of both the steepness p of the gas
density profile and of the relative extent rc/rclump of its
central core, i.e. ζ = ζ(p, rc/rclump) (see top panel of
Fig. 1), it is clear that the ratio between the star for-
mation rate and the mass of the dense-gas cannot be
constant, even for a given intrinsic star formation effi-
ciency per freefall time and a given freefall time of the
dense gas. The ratio ǫff,int/〈τff,dg〉 defines a lower limit
corresponding to the case of a top-hat profile (p = 0) for
which ζ = 1 (see Equation 6):(
SFRdg
Mdg
)
min
=
ǫff,int
〈τff,dg〉
. (8)
With an estimate of 〈τff,dg〉, the comparison of Eq. 8
with observational data for shallow density profiles will
provide an estimate of ǫff,int (see below). Any sig-
nificant density gradient will raise the dense-gas ratio
SFRdg/Mdg to a higher value, depending on p and
rc/rclump. When p < 2, an upper limit is given by the
case of a pure power-law gas density profile. Combining
Equations 6 and 7, we obtain:(
SFRdg
Mdg
)
max, p<2
= ζ
ǫff,int
〈τff,dg〉
=
(3− p)3/2
2.6(2− p)
ǫff,int
〈τff,dg〉
.
(9)
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When p > 2, how high the SFRdg/Mdg ratio becomes
depends sensitively on the relative extent of the central
core of the dense-gas clump, thereby reflecting the cor-
responding variations of the magnification factor ζ (see
top panel of Fig. 1). The top panel of Fig. 4 illustrates
the corresponding dense-gas ratios: from the case of a
pure power-law to the case of a top-hat profile, with the
intermediate cases of a power-law with a central core of
relative extent rc/rclump. We use the same rc/rclump
ratios as in Fig. 1, and we set the star formation effi-
ciency per freefall time to ǫff,int = 0.01 and the dense-
gas freefall time to 〈τff,dg〉 = 0.25Myr (see below). The
corresponding forbidden areas (i.e. below the limit for a
top-hat profile and above the limit for a pure power-law)
are shaded in red.
We still need to estimate 〈τff,dg〉. We have seen
above that, on the average, the number density thresh-
old adopted by Kainulainen et al. (2014) is nth ≃
6700 cm−3 (that is, this is the averaged lower limit to
the dense-gas number density). The mean density of
a centrally-concentrated clump is 3/(3 − p) times the
density nth at its edge (Equation 7 in Parmentier et al.
2011). With p = 1.67 (the median value of p in the sam-
ple of Kainulainen et al. 2014), we thus get a clump
mean number density 〈nclump〉 = 2.3 · 6700 cm
−3 = 1.5 ·
104 cm−3 and a mean freefall time 〈τff,dg〉 = 0.25Myr.
To compare the model predictions to the sample of
Kainulainen et al. (2014), we convert the stellar masses
MY SO used in Figure 3 into star formation rates averaged
over a given star-formation time-span tSF :
SFRobs =
MY SO
tSF
=
〈m〉NY SO
tSF
. (10)
In Figure 4, the red squares depict the data of
Kainulainen et al. (2014) assuming 〈m〉 = 0.5M⊙ and a
star formation duration tSF = 2Myr, which is the esti-
mated lifetime of Class II objects (Evans et al. 2009).
The distinction between plain and open symbols will
be explained in the next section. The error bars cor-
respond to the upper and lower limits on the duration
of the Class II phase, that is, tSF ≃ tCl II = 2 ± 1Myr
(Evans et al. 2009). If one excludes LDN1333, the data
suggest a double-index power-law for the dense-gas re-
lation, namely, a regime of near constancy as long as
p < 1.7, followed by a sharp rise. This slow-then-fast rise
with p shown by the data of Kainulainen et al. (2014)
is better captured by the permitted region defined in the
top panel of Fig. 4 than by a purely linear relation. The
permitted region actually accounts for both the near con-
stancy of the data when p < 1.7 and their rise when
p > 1.7. At this stage, we can estimate the intrinsic
star formation efficiency per freefall time by matching
the top-hat prediction (black horizontal dash-dotted line)
to the data for shallow density profiles (focusing on the
plain squares; see Section 4). We adopt ǫff,int = 10
−2.
In the bottom panel, the horizontal line depicts
the fit of Lada, Lombardi & Alves (2010) SFR/Mdg =
0.045Myr−1 (with tSF = 2Myr). It coincides with Equa-
tion 8 (top-hat model) when ǫff,int ≃ 0.01.
4. CAVEATS ABOUT DATA AND MODEL
The great interest of the data of Kainulainen et al.
(2014) is that their dense-gas mass estimate builds on a
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Fig. 4.— Top panel: Ratio of the star formation rate to the
dense-gas mass SFR/Mdg as a function of the steepness p of power-
law gas density profiles. The lines correspond to the ζ factor pre-
sented in Fig. 1 (same color-coding), adopting ǫff,int = 10
−2 and
〈τff,dg〉 = 0.25Myr. The corresponding forbidden areas are high-
lighted in red. The (plain and open) red squares depict the sample
of Kainulainen et al. (2014). Bottom panel: same as top panel
but completed with the sample of Lada, Lombardi & Alves (2010)
and their dense-gas relation (same color-coding as in the bottom
panel of Figure 3). Note that the latter coincides with the top-hat
prediction when ǫff,int ≃ 10
−2.
volume density threshold. Nevertheless, there are a few
caveats to keep in mind.
For some of the clouds, the dense-gas regime is not
or little covered by the derived ρ-PDF. This is the case
of e.g. Chamaeleon II and Lupus III (see Figures S1
and S2, respectively, in Kainulainen et al. 2014). For
such clouds, direct information about their ρ-PDF in the
dense-gas regime is missing. A first caveat is thus that
the dense-gas mass estimate sometimes stems from an
extrapolation of the derived ρ-PDF under the assumption
of a Gaussian fit, even though the actual behavior of
the ρ-PDF in the dense-gas regime remains unknown.
Should a different function be fitted to the derived ρ-
PDF, the dense-gas mass estimate may turn out to be
different.
A second caveat is that the slope of the ρ-PDF of these
clouds is, over the dense-gas regime, uncertain, and so
is the steepness p of the equivalent dense-gas density
profiles. The ρ-PDF slopes given by Kainulainen et al.
(2014) are in fact measured over the density span for
which the cloud is ”structured” (that is, the ρ-PDF can
be described by a power-law). As this density span in-
cludes gas with a density s < sth = 4.2, an estimate
of the ρ-PDF slope is available regardless of whether
or not the dense-gas regime is well-sampled by the de-
rived ρ-PDF. The question here is therefore whether a
ρ-PDF slope inferred at intermediate densities only, also
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applies to the dense-gas. This is not necessarily the case.
For instance, Schneider et al. (2015) show that, in the
molecular clouds MonR2 and NGC 6334, the projected-
density-PDF becomes shallower when n & 104 cm−3,
thereby highlighting steeper radial density profiles (i.e.
higher p) in the dense-gas regions of these molecular
clouds. The total ρ-PDF of the 16 clouds studied by
Kainulainen et al. (2014) actually shows a slight hint of
becoming shallower in the dense-gas regime (see their
Figure S4). Given that the p-values used in Figure 4 are
derived from the slope of the ρ-PDF, any uncertainty
affecting the latter also affects the estimate of p.
In Figures 4 and 5, we have identified the clouds
whose dense-gas regime is poorly sampled by the de-
rived ρ-PDF. Specifically, we mark with open symbols
(”Flag=0” in the key of Fig. 5) the clouds whose ρ-
PDF shows at most one point with s > sth = 4.2.
For these clouds – Cham II (ID5), Lupus III (ID7),
LDN 134 (ID11), LDN1333 (ID13), LDN1719 (ID14),
Musca (ID15), Cham III (ID16), the steepness p and the
mass Mdg of the dense-gas may not be well-constrained.
This is the case of the two clouds located in the upper
forbidden area (LDN1333 (ID13) and Lupus III (ID7)).
Their dense-gas content Mdg may have been underesti-
mated, as a result of Mdg being extracted from a Gaus-
sian fit to the overall data, rather than based on a power-
law fit. Alternatively, their location in a forbidden area
may indicate different model parameters (see below).
A third caveat is that the threshold adopted by
Kainulainen et al. (2014), sth = 4.2, applies to the di-
mensionless density s = ln(ρ/ρ0), with ρ0 the cloud mean
density. Because not all clouds have the same mean
density ρ0, they are assigned different physical density
thresholds ρth = ρ0e
sth . For instance, a higher-than-
average mean density ρ0 yields a higher-than-average
density threshold ρth which, in turn, lowers the dense-
gas mass estimate. The variations are not wide, how-
ever: the most diffuse and densest clouds in table S1 of
Kainulainen et al. (2014) have mean number densities
of, respectively, n0 = 52 cm
−3 (Corona Australis), and
n0 = 242 cm
−3 (Chamaeleon II). We have estimated by
how much the points in the top panel of Figure 5 get
vertically shifted when the density threshold, instead of
obeying ρth = ρ0e
sth , is assigned the same value for all
clouds, namely, ρth = 700M⊙ · pc
−3 ≡ nth = 10
4 cm−3.
To do so, we use Equation 4 in Parmentier et al. (2011)
which shows that, for a spherical clump with a pure
power-law density profile, the mass of gas denser than
a given volume density ρth obeys mdg ∝ ρ
−(3−p)/p
th . We
can therefore write:
mdg,2 = mdg,1
(
ρth,2
ρth,1
)− 3−p
p
(11)
with mdg,1 and ρth,1 the dense-gas mass and density
threshold of Kainulainen et al. (2014), while ρth,2 is our
adopted fixed density threshold (ρth = 700M⊙ · pc
−3)
and mdg,2 the corresponding dense-gas mass. The bot-
tom panel of Figure 5 compares our results (blue trian-
gles) with the content of the top panel. In all but two
cases, the shift is not more significant than the uncer-
tainties introduced by the duration of the YSO Class II
phase.
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Fig. 5.— Discussion of the uncertainties affecting the data used
in Section 3. Top panel: solid red line, black dashed line and red
symbols as in top panel of Figure 4. The clouds in the sample of
Kainulainen et al. (2014) for which the dense-gas regime is poorly
or not at all covered by their derived ρ-PDF are marked with open
symbols (”Flag=0” in the key). Bottom panel: same as in top
panel, but completed with blue symbols which illustrate by how
much the data points get vertically shifted if the dense-gas mass
is estimated based on a volume density threshold ρth common to
all clouds (spherically-symmetric clumps are assumed; see text for
detail). The three black diamonds illustrate 3 different values of
p found in the literature for the Ophiuchus molecular cloud, from
left to right: Kauffmann et al. (2011), Kainulainen et al. (2014)
and Lombardi et al. (2015).
Last but not least, uncertainties affecting the mea-
sured value of p may be quite large as different meth-
ods may yield significantly different values. We illus-
trate this point with the Ophiuchus molecular cloud
for which Kainulainen et al. (2014) quote p = 1.95 in
their table S1 (ID1). Based on a cumulative-mass–size
mapping of the cloud, Kauffmann et al. (2011) derive
p ≃ 1.7, while the slope of the projected-density-PDF
of Lombardi et al. (2015, n = 1.8 in their table 1) yields
p = 2.1 (p=2/n+1). All three estimates are shown as the
black diamonds in the bottom panel of Figure 5, show-
ing the difficulty to ascertain whether Ophiuchus actually
belongs to the permitted region.
That data points are located in a forbidden area may
also indicate the need for different parameters. For in-
stance LDN1333 and Lupus III may require a higher
star formation efficiency per freefall time (to raise the
model towards the data points), or a longer star for-
mation time-span tSF (to lower the data points to-
wards the model; e.g. Bell et al. 2013). An addi-
tional issue is that the cloud star formation rate may
have been varying as a function of time (see e.g. Fig. 3
in Chen, Li & Vogelsberger 2020). One should keep in
mind that the model predictions relate the star forma-
tion rate and the gas density profile at a given time. If
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the density profile and star formation rate were differ-
ent in the past, the measured star formation rate (here
averaged over the duration tSF of the star formation
episode) then accounts for both the past and present
star formation rates. Yet, this is the present structure
of the cloud which is mapped with the p-parameter. If
the star formation rate has recently decreased, the mea-
sured (tSF -averaged) star formation rate is higher than
the current one, thereby raising the data point in the
parameter space.
We conclude that more data with lower uncertainties
for the estimate of p are needed, especially in the as-
cending part of Eq.9. Estimates of the star formation
rate building on a short and recent time-span (i.e. quasi-
instantaneous star formation rates) are also needed.
5. MOLECULAR CLOUDS OF THE CENTRAL
MOLECULAR ZONE
Molecular clouds of the Central Molecular Zone (here-
after CMZ, inner ∼ 200 pc of the Galaxy) have a mean
H2 density of about 10
4 cm−3. This is comparable
to the density of the dense gas in clouds of the So-
lar neighborhood (see Kauffmann et al. 2017a, and ref-
erences therein). CMZ clouds have been studied at
an angular resolution of a few arc seconds (equiva-
lent to ≃ 0.1 pc spatial resolution) by Kauffmann et al.
(2017a). They find that star formation in some indi-
vidual CMZ clouds is reduced by a factor of 10 com-
pared with the dense-gas relation established for nearby
clouds by Lada, Lombardi & Alves (2010) (see Figure 8
in Kauffmann et al. 2017a). Lu et al. (2019) reach the
same conclusion: with the exceptions of Sgr C and Sgr B2
which sits on the extrapolated dense-gas relation for
nearby clouds, other CMZ clouds (20 kms−1, 50 kms−1,
G0.253+0.016 and Sgr B1-off) have star formation rates
about 10-times lower than the nearby-cloud prediction
(see their Figure 6).
In a follow-up study, Kauffmann et al. (2017b) derive
for each CMZ cloud a cumulative mass vs. bounding
radius diagram, thereby yielding the slope of the under-
lying gas density profile (their Figure 3). In this Sec-
tion, we take advantage of their study to revisit for CMZ
clouds the relation between dense-gas mass, gas structure
and star formation rate. That is, we compare the avail-
able observational data to our new parameterization of
the dense-gas relation, now defined as a permitted region
enclosed in-between Eqs 8 and 9 for a given intrinsic star
formation efficiency per free-fall time and a given freefall
time of the gas. Based on Figure 3 in Kauffmann et al.
(2017b), we adopt p ≃ 1.3 for the clouds 20 kms−1,
50 kms−1, G0.253+0.016 (aka the Brick) and Sgr B1-off,
and p ≃ 2 for Sgr C and Sgr B25. The cloud star for-
mation rates and mass estimates (equivalent here to the
dense-gas masses) are taken from Lu et al. (2019, their
table 7). As discussed in Parmentier (2019) and in the
previous section, this is the present gas density profile of
5 More precisely, we build on the fact that for a pure power-law
density profile, the mass-size relation obeys m(r) ∝ r3−p, with
m(r) the gas mass enclosed within the radius r, and has a logarith-
mic slope of 3− p. Based on figure 3 in Kauffmann et al. (2017b),
we then infer p = 1.36 for 20 kms−1, p = 1.20 for 50 kms−1,
p = 1.22 for G0.253+0.016, p = 1.32 for Sgr B1-off, p = 2.08 for
Sgr C and p = 2.00 for Sgr B2.
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Fig. 6.— Top panel: model lines as in top panel of Figure 4 but
for ǫff,int = 10
−3. Corresponding forbidden areas are highlighted in
orange. The data for six clouds of the Central Molecular Zone are
shown as orange plain triangles tagged with cloud names. The star
formation rates and dense-gas masses are from Lu et al. (2019),
and the steepnesses p are from Kauffmann et al. (2017b). Bottom
panel: bottom panel of Fig. 4 completed with the CMZ cloud data.
a cloud or clump which drives its present star formation
rate. There may be little relation between the present
structure of a cloud or clump and the star formation
rate it experienced, say, 1 Myr earlier. This is because
star formation modifies the gas density profile, especially
in the cloud/clump inner regions where star formation is
the fastest (see figures 3 and 4 in Parmentier 2019). Since
the gas density profile is modified, so is its impact on the
star formation rate. To relate the present structure of a
cloud to its past star formation rate obtained by aver-
aging its total YSO mass over a time-span of 2Myr, as
often done, including in our Figure 4, makes sense only
if the star formation rate has not varied significantly.
For CMZ clouds, Lu et al. (2019) alleviate this problem
by focusing on tracers of recent, still deeply embedded,
star formation, that is, H2O masers and ultra-compact
HII regions. Older HII regions are discarded. For both
adopted tracers, they consider a star formation time-span
of 0.3Myr, which is comparable to the freefall time of
gas with a number density of 104 cm−3. This is also
much shorter than the 2Myr time-span often assumed
for nearby molecular clouds. Their star formation rate
estimate therefore constitutes an almost instantaneous
snapshot of the cloud star formation history, thereby al-
lowing safer insights into the relation between cloud star
formation rate and gas density profile.
The bottom panel of Figure 6 completes the samples of
Kainulainen et al. (2014) and Lada, Lombardi & Alves
(2010) with the above-described data for CMZ clouds.
Each orange plain triangle corresponds to one CMZ
cloud, with the error bars depicting the star forma-
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tion rate uncertainties quoted by Lu et al. (2019) in
their Table 7. The solid orange line depicts the up-
per limit to the dense-gas relation adopted for nearby
clouds shifted down by a factor of 10 (Kauffmann et al.
2017b; Lu et al. 2019). That is, this is Equation 9
with ǫff,int = 10
−3. The horizontal dash-dotted orange
line corresponds to the case of a top-hat profile with
ǫff,int = 10
−3. The top panel illustrates the correspond-
ing forbidden areas. Within the uncertainties, CMZ
clouds are located in the permitted area associated to
ǫff,int = 10
−3 and 〈τff,dg〉 = 0.25Myr. Per unit (dense)
gas mass, Sgr C and Sgr B2 form stars at a pace about
10-times faster than the other CMZ clouds 20 kms−1,
50 kms−1, G0.253+0.016, and Sgr B1-off. Figure 6 sug-
gests that the more vigorous star formation activity in
Sgr C and Sgr B2 stems – at least in part – from their
steeper gas density profile.
We can also compare CMZ and nearby clouds. The
bottom panel of Figure 6 shows that the SFR/Mdg ratio
of the clouds 20 kms−1, 50 kms−1, G0.253+0.016, and
Sgr B1-off is 10-times lower than that of nearby molecu-
lar clouds of similar density profile steepness (p . 1.6).
Note that for shallow density profiles, the relative extent
of the central core rc/rcloud hardly modifies the ζ factor
(see top panels in Figure 5 of Parmentier 2019, and Fig-
ure 1 in this paper). The difference between the dense-
gas relations for nearby and CMZ clouds cannot therefore
be ascribed to CMZ clouds having a larger central core.
That the gas density profile must be taken into account
when comparing the star formation activities of CMZ
and Solar neighborhood clouds was already emphasized
by Kauffmann et al. (2017b). However, Figure 6 shows
that the shallow density gradient of the least-active CMZ
clouds is not enough to explain their low star formation
activity. Figure 6 rather suggests that either the intrinsic
star formation efficiency per freefall time ǫff,int in CMZ
clouds is 10-times lower than in nearby clouds, or that the
SFRdg/Mdg ratio depends on a third, yet unknown, pa-
rameter in addition to the magnification factor ζ and the
intrinsic star formation efficiency per freefall time ǫff,int.
That is, the dense-gas relation should be re-written
SFRdg
Mdg
= VXζ
ǫff,int
〈τff,dg〉
, (12)
with VX a vertical shift of still unknown origin.
That star formation may not take place exclusively in
the dense gas may also contribute to explaining the ver-
tical shift between nearby and CMZ clouds. Let us as-
sume that in nearby clouds only 10 per cent of the star
formation activity actually takes place in the dense gas.
That would decrease by a factor of 10 the star formation
rates that we have adopted for the dense gas of nearby
clouds, and both CMZ and nearby clouds would then be
characterized by the same intrinsic star formation effi-
ciency per freefall time, i.e. ǫff,int = 10
−3. It is inter-
esting to note that this value is also close to the ”floor”
of star formation efficiencies per free-fall time measured
by Lee, Miville-Deschnes & Murray (2016) for Galactic
Giant Molecular Clouds. That would also imply that
the nearby clouds of Kainulainen et al. (2014) form 90
per cent of their stars at densities lower than that of
the dense gas. In turn, this would require the defini-
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Fig. 7.— Ratio between the star formation rate and the dense-
gas mass in dependence of p. Orange symbols stand for the
CMZ cloud data of Lu et al. (2019). Red symbols stand for the
Solar-neighborhood (SoN) cloud data of Kainulainen et al. (2014),
shifted down by a factor of 10. Plain and open red squares have
the same meaning as in the top panel of Figure 5. The solid line
shows Equation 9 with ǫff,int = 10
−3.
tion of another gas density threshold for star formation.
Recently, Burkhart et al. (2019) have proposed that star
formation takes place over the gas density range cov-
ered by the power-law part of the ρ-PDF. In their pro-
posed model, the transition density from the lognormal
regime to the power-law one depends on the interplay be-
tween gravity, turbulence and stellar feedback (see also
Auddy et al. 2019).
The bottom panel of Figure 6 also suggests that the
location of Sgr C and Sgr B2, close to the dense-gas
relation of Lada, Lombardi & Alves (2010) for nearby
clouds, should be interpreted with caution: it may not
imply that Sgr C and Sgr B2 are more akin to nearby
clouds than to their CMZ siblings with shallower density
profiles. If we compare the data of Kainulainen et al.
(2014) and Lu et al. (2019), Figure 6 shows that around
p = 2, the SFR/Mdg ratio of nearby clouds is higher
than that of Sgr C and Sgr B2. This suggests that the
vertical shift between nearby and CMZ clouds noticed
for p . 1.5 also stands for steeper gas density profiles.
To ascertain this, Figure 7 presents the data of Lu et al.
(2019) and Kainulainen et al. (2014) together, but with
the data for nearby clouds being shifted down by a
factor of 10. Both data sets now remarkably occupy the
same narrow region of the (p, SFR/Mdg) parameter
space. That is, once the variations of SFR/Mdg with
p are taken into account, the dense-gas relation of
CMZ clouds remains distinct from that of nearby
clouds, including for Sgr C and Sgr B2. The difference
between both relations amounts to a factor of 10, as
quoted in previous studies (Kauffmann et al. 2017b;
Lu et al. 2019). It may be due to either a ten-times
lower ǫff,int, a yet unknown parameter (i.e. VX = 0.1
in Equation 12), or nearby clouds forming only 10
per cent of their stars in dense gas. For each cloud
sample, the steepness p of the dense-gas density profile
is the key parameter yielding a range of SFR/Mdg ratios.
6. SUMMARY AND CONCLUSIONS
We have presented a new parameterization of the rela-
tion between mass and star formation rate of dense-gas
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clumps, taking into account the impact of their gas den-
sity gradient. Specifically, we have combined the dense-
gas relation with the magnification factor ζ introduced
by Parmentier (2019). This factor quantifies by how
much the gas density gradient of a centrally-concentrated
clump enhances its star formation rate compared to the
star formation rate that the clump would experience
should it be of uniform density (i.e. with a top-hat
profile; see Equation 1). For shallow density profiles,
the clump star formation rate is barely higher than for
its top-hat equivalent and ζ & 1. Steeper density pro-
files, however, can yield ζ >> 1 due to the greater mass
fraction of gas in the clump inner regions where the gas
freefall time is shorter than for the clump as a whole.
We consider spherically-symmetric dense-gas clumps.
For a pure power-law density profile ρgas(r) ∝ r
−p, the
magnification factor ζ can be defined for p < 2 and obeys
Equation 6 in Parmentier (2019) (quoted as Equation 6
in this paper). To define the magnification factor for any
p-value, a central core of finite density must be added to
the clump gas density profile. Compared to the case of
a pure power law, a central core smooths the gas density
contrast between clump center and clump edge, thereby
decreasing the clump magnification factor (see top panel
of Figure 1 where shaded areas represent the correspond-
ing forbidden regions, either because ζ is higher than for
a pure power-law gas density profile (Eq. 6), or because
ζ < 1, i.e. lower than for a top-hat profile; see also
Parmentier 2019).
The magnification factor and the dense-gas ratio
”take-off” around p = 1.5. This is because for density
profiles steeper than p = 1.5, more than half of the gas
mass has a density higher than the gas density averaged
over the whole clump (see bottom panel of Figure 1).
That is, for p > 1.5, more than half of the clump gas
mass forms stars at a faster pace/with a shorter free-fall
time than expected based on the clump gas mean density.
We have applied the concepts of intrinsic star forma-
tion efficiency per freefall time ǫff,int and magnification
factor ζ introduced by Parmentier (2019) to redefine the
relation between star formation rate and mass of the
dense gas (Equation 7). This way of doing allows one
to disentangle the respective contributions of the star
formation efficiency per freefall time and of the gas den-
sity gradient to the star formation rate. Through the ζ
factor, the steepness p of the gas density profile and the
relative extent rc/rclump of its central core constitute the
newly-introduced parameters in the dense-gas relation.
A top-hat density profile yields a natural lower limit to
SFRdg/Mdg, i.e. SFRdg/Mdg = ǫff,int/〈τff,dg〉 (Eq. 8).
A pure power law yields an upper limit on SFRdg/Mdg
when p < 2 (Eq. 9). For a given intrinsic star formation
efficiency per freefall time ǫff,int and dense-gas freefall
time 〈τff,dg〉, the forbidden regions in the (p, ζ) parame-
ter space yield forbidden regions in the (p, SFRdg/Mdg)
parameter space. These are highlighted in red in the top
panels of Figs 4 (ǫff,int = 10
−2 and 〈τff,dg〉 = 0.25Myr)
and 6 (ǫff,int = 10
−3 and 〈τff,dg〉 = 0.25Myr).
We have compared our model predictions to nearby
cloud observational data. We have used the data of
Kainulainen et al. (2014, their table S1), as these build
on a gas volume density threshold, and we have as-
sumed that nearby clouds form the bulk of their YSOs
in their dense gas (but see below). We show that
the dense-gas regions of the nearby clouds surveyed by
Kainulainen et al. (2014) present a higher SFR/Mdg ra-
tio when p ≃ 2 than when p ≃ 1.5 (top panel of Fig-
ure 3). Most of the data of Kainulainen et al. (2014) in
fact belong to the permitted area defined by our model
for ǫff,int = 10
−2 (see Fig. 4).
In Kainulainen et al. (2014), the slope −p of the gas
volume-density profile is inferred from the slope of the
gas volume-density-PDF that they derive6. For some of
the clouds, the derived ρ-PDF does not cover the dense-
gas regime. This uncertainty, however, does not affect
our conclusions (top panel of Figure 5), and may explain
the presence of LDN1333 and Lupus III in the upper for-
bidden area. Also, because the density threshold adopted
by Kainulainen et al. (2014) is a dimensionless one (it
is defined as the logarithmic mean-normalized density
sth = ln(ρth/ρ0) = 4.2, where ρ0 is the cloud mean
density), the corresponding volume density threshold ρth
varies from cloud to cloud. Again, we have checked that
this has no impact on our conclusions (bottom panel of
Figure 5).
We have also compared the predictions of our model to
the observational data available for the dense-gas clouds
of the Central Molecular Zone (CMZ). Combining the
data of Lu et al. (2019) and Kauffmann et al. (2017b),
we find that CMZ clouds too present an increase of their
SFR/Mdg ratio with p. Specifically, Sgr C and Sgr B2,
the two CMZ clouds with the steepest gas density gradi-
ent (p ≃ 2), are also the CMZ clouds presenting the high-
est SFR/Mdg ratio. This one is about 10-times higher
than for CMZ clouds whose density gradient is shallower,
namely, 20 kms−1, 50 kms−1, G0.253+0.016 (aka the
Brick) and Sgr B1-off (Figure 6). Such an increase is
compatible with model predictions for ǫff,int = 10
−3, al-
though strongly centrally-peaked gas density profiles for
Sgr C and Sgr B2 are required (see Figure 6). In any
case, if an additional, yet to be unveiled, parameter con-
tributes to differentiating the star formation activity of
Sgr C and Sgr B2 from that of their less active CMZ
counterparts, then the difference in star formation rate
that this extra parameter has to account for is smaller
than a factor of 10, since the difference in density gradi-
ent already contributes a factor of a few.
We have emphasized that the presence of Sgr C and
Sgr B2 on the extension of the dense-gas relation es-
tablished by Lada, Lombardi & Alves (2010) for nearby
clouds does not necessarily imply that they are more
akin to nearby clouds than to other CMZ clouds. When
the data of Lu et al. (2019) are compared with those
of Kainulainen et al. (2014), Sgr C and Sgr B2 detach
themselves from nearby clouds of similar steepness p
(Figure 6).
We actually find the (p, SFR/Mdg) relation of nearby
clouds to be about 10-times higher than that of CMZ
clouds (see Figure 7, where the nearby-cloud data have
been scaled down by a factor of 10). Either the intrinsic
star formation efficiency per freefall time ǫff,int of the
dense CMZ clouds is 10 times lower than for the nearby
cloud dense gas, or nearby clouds form 10 per cent only
6 The steepness p that they infer is given as the κ parameter of
their table S1.
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of their stars in dense gas, or a third parameter - on top
of ǫff,int and ζ(p, rc/rclump) - contributes to the dense-gas
relation (Eq. 12).
It is highly desirable to accumulate data for other
star-forming environments, that is, to go beyond the
CMZ and beyond the immediate Solar neighborhood
(recall that the molecular clouds of Kainulainen et al.
(2014) are closer than 260pc). This calls for (1) dense-
gas masses defined based on a volume-density criterion,
(2) reliable steepnesses p measured over the dense-gas
regime, and (3) star formation rates measured over short
and recent star formation time-spans since the observed
gas spatial distribution is best related to its current star
formation rate. This last aspect is to be kept in mind
when putting to the test star-forming regions hosting
multiple stellar populations (e.g. the Orion Nebula
Cluster, for which three subsequent star formation
episodes have been detected so far; Beccari et al. 2017).
More data will be helpful not only to further test the
impact of a gas density gradient as predicted by our
model, but also to investigate whether the intrinsic star
formation efficiency per freefall time ǫff,int varies from
one environment to another. For this, star-forming
regions with shallow density profiles will be the best
targets since the impact of their gas density gradient is
negligible (i.e. ζ ≃ 1).
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APPENDIX
Equation 6 shows that, in case of a pure power-law density profile, the magnification factor ζ cannot be defined for
p ≥ 2. This is because the corresponding density profiles yield an infinite star formation rate at the clump center,
thereby preventing one from defining the total star formation rate of the clump and the corresponding magnification
factor. With ρgas(r) ∝ r
−p, the star formation rate at the clump center obeys
lim
r→0
ǫff,int
dmgas(r)
τff (r)
∝ lim
r→0
r3ρgas(r)√
1
ρgas(r)
∝ lim
r→0
r3−p
rp/2
(1)
with dmgas(r → 0) the gas mass element at the clump center. Note that the definition of a finite clump mass requires
p < 3. As r approaches 0, both the enclosed gas mass dmgas(r → 0) and the local freefall time τff(r → 0) approach
zero. Depending on which function approaches zero the fastest, the star formation rate at the clump center is either
zero or infinity. If 3 > p > 2, the freefall time approaches zero faster than the central gas mass element, which yields an
infinite star formation rate at the clump center and an infinite magnification factor ζ. In contrast, for shallower density
profiles (p < 2), the central gas mass element approaches zero faster than the freefall time and the star formation rate
at the clump center is zero. This allows one to define the clump total star formation rate and the magnification factor,
as shown in the top panel of Figure 1. In case of a power-law gas density profile with a central core, the freefall time at
the clump center differs from zero, yielding finite star formation rates for the clump center and the clump as a whole.
For such cases, the magnification factor can always be defined, regardless of the steepness p of the gas density profile.
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